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Abstract In this paper, a multi-domain method, based on the dual interpolation boundary face method with
Hermite-type moving-least-squares approximation (DiBFM-HMLS) and the matrix condensation technique,
is firstly proposed for the 3D potential problems. This method is superior in the discontinuous field simulation
(such as the corner problem) and can implement accurate interpolation in geometric structures with thin walls.
Matrix condensation and reassembly reduce the overall system of linear algebraic equations to the interfacial
ones with sparsity. This blocked-sparse-dominated multi-domain DiBFM-HMLS takes fewer CPU operations
than its single-domain counterparts. Additionally, the interfacial conditions are not in the node-to-node format
anymore, and instead, a node-to-element projective scheme built on the dual interpolation element of DiBFM-
HMLS is presented for free mesh division in the interfaces (such as in self-adaption problems). Several
numerical experiments from different aspects illustrate the feasibility and reliability of our multi-domain
algorithms.

1 Introduction

The multi-domain boundary element method (MDBEM) has been added to various software packages for
different functions [1, 2]. The basic idea of the multi-domain method is to decompose the entire domain
into several homogeneous sub-regions, and connect subdomains by enforcing the equilibrium conditions and
continuity conditions at the interface. The conventional MDBEM employ the band-shaped and sparse features
of the overall coefficient matrix to improve the computational efficiency [3, 4]. Then, some researchers (Layton
et al. [5], Kallivokas et al. [6], and Cheng et al. [7]) proposed ideas that utilized the advantage of the Galerkin
method to construct a partial or complete symmetric form for the overall coefficient matrix to decrease the
computation complexity. To pursue a fast solver, the multi-domain methods based on the linear least squares
method [8] or the combination of GMRES and the fast multipole method (FMM) [9-11] were implemented
to satisfy efficient solutions. Even for a large-scale potential problem with millions of degrees of freedom
(DOFs), a microcomputer can obtain a reasonable solution using the MDBEM with FMM (Huang et al. [12]).
Besides that, some pioneering works were presented to convert the scale of solution to the interface by the
matrix condensation technique [13-16]; nonconforming elements were employed to avoid the discontinuous
problem (e.g., tractions or flux) at the geometric corners. However, this leads to inaccurate interpolation at the
geometric and physical corners, even the hyper-singular integral in the geometric models with thin walls.
The dual interpolation boundary face method with the moving least-squares approximation (DiBFM-MLS)
[17-19] can simulate the discontinuous fields accurately by arranging two virtual points in the target places
(see Fig. 1). The virtual points in DiBFM, not as collocation points in the boundary integral equation (BIE),
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Fig. 1 Approximation of discontinuous field

are condensed by MLS approximation. Since the work was carried out on parametric coordinates, it will
meet failure when constructing the MLS approximation for the virtual points on small feature sizes. Based
on DiBFM-MLS, recently, our team proposed the dual interpolation boundary face method with Hermite-
type moving-least-squares approximation (DiBFM-HMLS) [20, 21]. The normal equations are built on the
Cartesian coordinate, and the influence domain is no longer limited to an edge. Thus DiBFM-HMLS possesses
the advantage of dealing with structures with small feature sizes.

To use the properties of DiBFM-HMLS, we propose a multi-domain method, combining the matrix conden-
sation technique and DiBFM-HMLS in this paper. Compared with its multi-domain counterpart, this method
is more suitable for geometric structures with small feature sizes and can easily implement accurate inter-
polation in the geometric corner. Except for the discretization of the BIE, DiIBFM-HMLS is also employed
to supplement additional equations for interfacial virtual points. Moreover, this research replaced previous
node-to-node interfacial conditions with the node-to-element ones building on the dual interpolation elements.
This mapping scheme can provide convenience for free meshing in self-adaption problems. The coefficient
matrix also presents the blocked-sparse and banded features, and following the increment in the number of
subdomains, the sparsity is more significant, which can decrease the CPU time in the solution stage.

The paper is organized as follows: a brief introduction and the discretization form of the boundary integral
equation (BIE) by DiBFM-HMLS for the potential problem are described in Sect. 2. The deduction of our
multi-domain formulas for the 3D potential problem and the reassemble form is proposed in Sect. 3. Several
numerical examples are contained in Sect. 4 to verify our multi-domain algorithm. Finally, Sect. 5 draws some
conclusions and presents discussions for the addressed method in application and future work.

2 DiBFM-HMLS for 3D potential problems
2.1 Boundary integral equation for a single domain

Consider a 3D finite domain 2 enclosed by the boundary I' (I'=I'p U 'y, ' N T'; = ¥). The governing
differential equation with boundary and interface conditions for the potential problem is given by:

Viu =0, Vx € Q,
M:L_l, VXEFd,

_ 1
q:g—z:q, Vx € Iy, S
u; =uj7 ql :—qj, VXEF[,

where I'p=I"4UT,, denotes the boundary and I'; is the interface in multi-domain problems between subdomain
Q; and (i # j). u and g are the prescribed values of the potential and the normal flux on the boundaries
I'p, and n is the outward normal of the boundary I (see Fig. 2).

Through the employment of the Gauss formulas and divergence theorem, the governing differential equation
can be written as boundary integral equation [22-24] (BIE):

C(P)u(P)Z/FG*(P, Q)q(Q)dF(Q)—/FH*(P, Qu(Q)dI'(Q). 2)
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Fig. 2 A 3D finite domain 2 with interface

in Eq. (2), P represents the source point, Q denotes the field point, coefficient c(P) = 1/2 when P is located
on the smooth surface, and G*(P, Q) and H*(P, Q) are fundamental solutions. For 3D potential problems,
G*(P, Q) and H*(P, Q) are given by:

1 1
G*(P,Q)= 3)

4 r(P 0)’
0G*(P, 0) 1
n(Q) ~ 4nr’(P,Q)
where (P, Q) is the distance between P and Q.

H*(P,Q) = ri(P, Q)n i (Q), “)

2.2 Discretization of the BIE

In this paper, the BIE is discretized by dual interpolation elements in DiBFM, where virtual points are not
regarded as collation points. The discretization of Eq. (2) is given by

NE na np
Z Zhs‘“ S"+Zhvﬂ /! ZZ ngffzqzsa"'zg;iqlvﬂ » m=12,..NS ©)
a=1

=1 \a=lI =1 \a=I

with
n —[ Q* (P, QN;*(Q)AT(Q) + 25:,71, (6)
hty= | Q*(Pu, QN;”(Q)AT'(Q), (7
g = /F U*(Py, Q)N;*(Q)dI'(Q), (¥
1
g:fl = /F U* (P, Q)vaﬂ(Q)dF(Q), &)
1
and
s { 1, if the m™source node is the o™ source node in the /'™ element,
5 = (10)

07

where NE, na, and nf denote the numbers of elements, source nodes, and virtual nodes. uls", qls", u?ﬂ , and qlvﬂ
are the potential and normal flux of the ath source node and fth virtual node and on the /th element; N IS“(Q)
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and vaﬁ (Q) represent the shape function of the source and virtual point, respectively. The matrix form of
Eq. (5) is

ss Sv us — Ss Sv qs
[H H ]{u”}_[G G ]{qv} ()

where u’® and ¢° (with NS x 1dimensional) are vectors of potential and normal flux for the source nodes,
u' and q" (with NV x 1 dimensional) are vectors corresponding to the virtual nodes, and H**(with NS x
NS dimensional), G** (with NS x NS dimensional), H*Y(with NS x NV dimensional), and G*Y(with NS x NV
dimensional) (NS is the number of source points and NV is the number of virtual points) are coefficient matrices
corresponding to u®, q°, u¥, and q°.

2.3 Condensation of degrees of freedom for virtual nodes on the boundary

Decomposing the vectors u’ and q¥ according to the boundary condition yields
u’ =up, +04p, +ap, (12)
q° =qp, +dqr, +4r,, (13)

where Uy, qp, (with NV x 1 dimensional) are known potential and normal fluxes of the virtual points on
the boundary; @p. , qr.,, and Uy , g, (with NV x 1 dimensional) are unknown variables on the boundary and
interface.

The unknown variables of ﬁFB and (]FB on the boundary can be condensed by HMLS [21], which can be
expressed as

up, =@, u’ +@,.q°, (14)

if, = ey + 8, (1)

where @, @, ., and @, are the HMLS shape function matrices.
Through combination of Egs. (11)—(15) and applying boundary conditions, the matrix form of Eq. (10)

can be written as

oS
XFB
ﬁS
A A A A A T,
s N SV Y ol sV
MFBFB HFBFI HFBFI GFBFI GFBFI v
~ A A A A T,
SSs AN SSs AN SV
Mr,r, Hr,r, Hrjp, _GFIFI _GFIFI ns
qr,
AV
qr,
xass T35V —Sv iij
_ Mr,r, =Hr,r, Gryry — 16
o M T el Ury (- (16)
I'yTp - r'rs I['/Tp —v
dr,
For Dirichlet boundary condition:
1SS _ ASS 1SS _ Ass
MFBFB__GFBFB’ MF[FB__ ;g 17
MS N _ ES N MS N _ ES N ( )
g = ~ HTTp g — YT 'y

o)
M =H"+H"'®) — G‘YUQZ‘;. (18)
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Fig. 3. 3D Multi-domain model for the potential problem
Neumann boundary condition:
1SS _ fIss 1SS _Yyss
MFBFB _HFBFB’ MF[FB _HFIFB’ (19)
A58 -5 aSS =N
Mrer = GFBFB’ MFIFB = GFIFB’
AxSS _ ss SUGUS _ FSV VS
M =G”+G <I>qq H <I>Mq, (20)

where if-B s ﬁ? 5 and ﬁ% , are the known vectors corresponding to the source and virtual nodes on the boundary;

. A A A A A . . 355 <58

while XY, , and 4. , qf- , a} , q are the unknown variables on the boundary and interface, and H", G,
I'p Ly A0 5T 1y

H*, and G** are the coefficient matrices corresponding to the known and unknown variables.

3 Multi-domain method based on DiBFM-HMLS
Consider a bounded Lipschitz domain €2 with boundary I'=0€2. Let the domain be decomposed into M non-

overlapping subdomains 2; (i = 1,2...M, see Fig. 3), and the boundary is torn into several pieces I';. Assuming
that the skeleton I'; is surrounded by the boundary I'}; and interface F;. (i # j), respectively, where

M
Q:_Ulgi, QN Qj:@, l;é],
i=
i M i .
Ii=Ip Uii,l1 Fj, l_'j =IiNTy, i#].

Q;(j=I1, 2, ---, M and j # i) is the subdomain contacting with £2;.

3.1 Condensation of variables on the boundary

The matrix form of BIE for a single domain with interfaces has been listed in Eq. (16). Since the virtual points
are not regarded as collocation points in BIE, additional constraints are needed for the existing virtual points on
the interface. This research introduces the HMLS approximation (see Egs. (21), (22)) as the auxiliary equations
for interfacial virtual points:

AU uu K uu s uq s uq s
u, =05 ju, +@5 u, + @ q, +9 g, (21)
l“/. FjFB 'y F_/.Fj Fj erB 'y l‘jl‘j Fj

Q. = ol uw, +oll u, + o] + @71 (22)
J

qS qS
i i Wi i i i Ui i Ui -
iy T O ey e Ay T P
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Through the combination of Egs. (21) and 22), Eq. (16) can be rewritten as

Mvs I’_‘Iss

[Ty
VI[SS ﬁss
rirh

A VS A US

rir

ii
Fij

Oriri —Priri |
A Y

For the Dirichlet boundary condition part:

A US 2~ UU
@)rjrg = ‘I’r_"/.rg

and the Neumann boundary condition part:

I’_ist{ ) _(A;Ss
Iyl
Iflsq C_Gss
1 1 1 1
0505 05T
S vs
_‘I’ i
Fjrl
SV =SV
B Gy
ririy, Griry
SV =SV
By Gy
ririy, Griry
0 0
s qu —us

—®.i.i, Opipi
Iy~

riri

oS

XFZ

A g

Gsv | ] o,

ryr; T

_(ysv uv.

_ i

5T J

NS

= | qp.

J

AV

q.;

I
oS
X .
Ty
TV
] |
T
U
q .
Ty

—uu —qu
=®ripi — P
rir,

riry’

Orr, =Py — B, Oripy, =Bl B[l
where
‘i’;sllrl] = ‘i”;zrg - &)1‘{‘21"3,
RN T
A compact form of Eq. (23) is given by
Xpi
BB . BI BI, —BIL ., —BIL' || Oy
L T I
T e Vi I
i,

(23)

(24)

(25)

(26)

27)

(28)

in which BB, BI, IB, and II represent the boundary-boundary, boundary-interface, interface-boundary and

interface-interface parts. In the block matrix II, entry I denotes the identity matrix.

By eliminating the degrees of freedom on the boundary, a system of linear equations concerning unknown

interface variables can be given as

Auss Ausv ﬁ

ipi
5L

Uys u AV
A Arl'i.vr; Wri

ii
I5L5

r"].r; I

Aq ss Aq

A‘Ivs

ipi
L5

i i
5L

sv

rire

J

qvv
Ar".rf.
Jo

J

Q. b
v

qQ’, d
I

(29)
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where
Alss - Altsv s qrsy IB*S
rirt rirk r F’ r F’ riry g5 1 sy ey
X = - ' (BBF, Fz ) Il—v 1-\! BIFt Ft ’ (30)
A AT ey, Iy IB”
I".I" r r’ r F’ r rl rrj
9. 9. q q: ss
Ar‘fr, Ar‘,”rl Hri‘r, IIri”F, B, . 1
= - 5 |(BBY, )7 | BIZ | BITY |, (31)
A‘ILs AqLU II(1u_§ IIun IB* Iplp I'p F F F
re r’ re r’ re r' re r’ rry
T SS
bri bpi IBFi.FiB 1
= it _ j (BBF’ r ) bFiB. (32)
dpi dpi IBY .
J J T
q. qsv
Apiri Apir
Multiplying the left hand side of Eq. (29) by the inverse of Aqm J Aq,jv /|, we can get
r F’ r"].r;
~Uss ~Usy ﬁs (,is B
Apiri Apipi i i ;
riri Arirk re r re
Auvfs J uv]v J J — J — _ J s (33)
A ii A ii ﬁv. a’ . d :
5y 2T ri qr;_ ri
where
u u -1
~uss ~Wsv
s v A‘]w ALIw Auss A”w
Ar’jr} AF}F; _ r F’ r F’ r F’ r F’
AM?S . Aulfv . N AqlT A%v Auvs Auvu ’
Flj F;- F;- F; Fl Ft Fl Ft Fi«l—‘i. Fi«l—‘i-
JoJ JJ
_1 (34)
T X Aqs:\' . AQ&U T .
bri\ | Prird Arir b
2 . A‘hﬁs ) A‘hﬁv ) a .
& LRV T

The same derivation processes can be repeated for the domain Qi (k = 2--- M). The analog of Eq. (33) is
given by

~Uss ~Usp N N —
Apkpk Apkpk u;k Q;k bl""
PRAVAEI e G5)
Argri Avgre [ %) L9 ) [
where [ (I=1, 2, ---, M and k # 1) is the index of subdomain contacting with the domain 2.

3.2 Assembling the coefficient matrix for the interface

Additional conditions are required for unknown variables on the interface to couple adjacent subdomains. The
point-element constraints on interface pair I"‘—Iz’ are given by

F_SS N X SV . vv
F’ rir/r) i)
FUS N X Vv _uU_ (36)
1“, rir/r) i)
s _ vs s
qr[j - Frj r, qF’. FFJ l_,, qu s
v 37)
qFj - Fjr,qu l.,jl.,,qus
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where Fffl o Fsr’j e F?f s’ and F”” L are projection matrices from interface F’;. to interface Fij . On the
ji i Ty ) '
contrary, F**, F*"  F” . and F" . are matrices from Y tol. v’ and u ; are potential of the source
r/re’ /v’ ) r/r i J F,
and virtual nodes on dual interpolation element Fj qSF ; and q”i are the flux on F’
Based on Egs. (36), (37) the unknown flux in Egs. (33) (35) can be condensed. Then a system of linear
equations for the unknown potential on interfaces are given by

AN AN ASU . ASY T( as «
i i M-1 i i M-1 1 b
rirt riry rirt riry ri ri
ss LU ASS Asv L. ASY A ~
l-wM—ll—*lv rM-tpM—t Ap-ip) PM-ipM-l ul‘%’l _ bF%—l (38)
UA vs UU Vv U - 3 )
Ar’r' A riry! Ar’rl Arf].r]\"j*‘ Uri dri
vs ... AUS AV ... AUV oY q
M1 M—1-M-1 M—1p-i M—1M-1 M—1 d v
ri-ir ri-tpy-t Skt rM-tpm—1 | | Ty ¥
where
ss 7 sv g
b brl +F bF, +F 1“ljdrij
l_‘l. j 1
J )
bI-M—l bI-M 1+ F5S M M bFM |+FFM M dFM »
N _ M-1 M—1 ) (39)
d-i 3 5S sV
i dei +F b +FY 4,
J VRN o At b A A A
d v
r ~
M

drv-1 +F55 b +F dow
Iy Mll"%ler FMIF%IFMl

Hereafter, the symbol M; denotes the master interface (i.e. F;, (i < j))inthe domain €2;, and S; denotes

the slave interface (i.e. Fl.j , (i < j))in ;. The assembly rules of the interface coefficient matrix abide by
rulel: when Q;=Q; and M;=M;

PR =5 ‘ASU . =Us ‘AUU
ss i ss j S S ss j vs Svj S S Svj vs
vy = Ay Y5 Ass B, + Fogs, Asis; ¥, + Fogs,” Asis; ¥, + Fos,” Asis;¥s im0
(40)
_Ssv _8S __Ssv LUS LUV
Sv _ i v A SV J Vv
AM,ij = AMM +FMs, AS,SJFSM +FM S; AS,S,FSM +FM S; AS;SJFSij+FM1S; AS;SJFSij’
41)
s ; _SS ; _Sv LS L
vs _ i N ARY N LAY Vv J ARY Vv J vs
MiM; = AMM +Firs” Asis;¥s; + Fogs. Asis B, + Fars,” Asis;¥s o, + Fors,” As,s, Fs v
(42)
_vv LSS LSV LS LY
VU _ i vs j SV vs j Vv Vv j SV v j Vv,
M,'Mj - AM,‘M/' +FM,'S,' ASiSjFSij +FM,'Si AS,'SJ'FS_/'M_/' +FMiS,' AS,'SjFSij +FM,‘S,' AS,'SjFSij’
(43)
rule2: when Q; # ;.
(i) M;, M; belong to the same subdomain:
=SS
ss i
M,'Mj - AM,'M_/" (44)
LSV
sV i
M,'Mj - AM,'MJ" (45)
A
Abi; =" Ao (46)
Vv

vt = Anga, (47)
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(i) M;, S; belong to the same subdomain

_sS LSV

Af\;iMj = lAM[SngiMj +IAMiSjF§§Mj’ (48)
. 58 SV

SMviMj = IAM,‘S]'F?])'Mj +IAM,‘SI‘F§;)MJ-’ (49)
. ~US vV

ﬁ,‘Mj = IAM,‘S]'F?}MJ' +IAM,‘S]‘F§;MJ" (50)
A VY

(iii) S;, M| belong to the same subdomain:

.58 . Us
s _wss J SV
MiM; — FM,‘S,‘ AS,'M]‘ +FMiSi AS,'M]" (52)
. ~SV L~V
sv _wss J sV
MiM; — FM,‘S,‘ AS,'M]' +FM,‘S,‘ AS,'M]" (53)
. 58 . ~US
vs _|USs vo
MiM; — FM,‘S,‘ AS,'M]' + FM,'S,' AS,'M]" (54)
. ~SU .~V
v _ A J VU J
AM,'M]' - FM,'S,‘ AS,'M]' + FM,'S,' ASiMj' (55)
(iv) i, §; belong to the same subdomain:
~S5S ~Sv ~Uus Vv

ss _ss SS ss ] vs SV ] SS SV A vs
AMiMj _FMiSi ASiSjFSij+FM,'Sf ASiSjFSij+FMiSi ASiSjFSij+FMiSi AS,'Sj SiM;> (56)

S5 sV vs v
A, = Figs” Asis; ¥, + Fins, Asis Fsim, + Figs, Ass F v, +Fugs” Ass; Fsou,. (57)
. S5S SV vs
Abin; =Fugs” Asis; Fs o, +Figs, As.s Fs o, + Fis, ASSFSM +Fils, ASS Sim;> (58
. ~S8 .SV vs vV
;= Fors,? As.s Fsm, +Fugs, Asis Fsom, +Figs, ASSFSM +Fs, Ass sim;- (59)

If there are no interfaces between two subdomains, the relevant block is 0 in the interface coefficient matrix,
and the sparsity is more and more significant with the increasing number of subdomains.

4 Numerical examples

The accuracy and convergence of the proposed method in the 3D steady-state heat conduction problem will be
demonstrated by the analytical solution problem next part. Then, two real-life examples with thin structures
will be employed to illustrate the computational efficiency and excellent performance. Error estimation of the
presented method is measured by the relative error, defined by

€ITror =

(&) _ 2
|v<e>| Z [ — v, (60)
i=1

where | v |max is the maximum value of the exact temperature « or flux g over M sample points, and superscripts
e and n denote the exact and numerical solutions, respectively.

The following examples, unless otherwise mentioned, g and u represent the prescribed flux and temperature
conditions. “Err_q”, “NE” and “NS” denote the relative errors for flux, the number of elements, and source
points, respectively.
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(a) (b)

Fig. 4 Model for cube a single-domain b multi-domain

Fig. 5 Mesh assignment along interface /F

4.1 Cube

In order to examine the capability of the proposed multi-domain method in dealing with the case when one sub-
domain is surrounded by others, a cube with 27 subdomains (see Fig. 4b) is employed in a quadratic potential
field problem, and geometric dimension is shown in Fig. 4a. Dirichlet boundary conditions (see Eq. (61) are
imposed on all boundary faces, and the analytical solution is given by:

U= —2x} +x3 +x3. (61)

In this example, a free mesh scheme is adopted between interfaces to verify the ability of the node-to-
element mapping method (see Fig. 5). The dual interpolation constant element in DiBFM is used to discretize
BIE. Continuous and isotropic material is assumed uniformly, and heat conductivity coefficient is taken as k
= 1.0 W/(m.K).

The relative errors of normal flux are listed in Table 1, this table demonstrates that the accuracy of our
multi-domain method improves gradually with the increasing number of source points, and the convergence
can be illustrated as well. The graphic in Fig. 6 compares the normal flux along with line AB, which indicates
that both numerical results of single-domain DiBFM (with 7938 source nodes) and multi-domain DiBFM (with
7776 source nodes) have a good agreement with the exact solution. The contour plots in Figs. 7a, ¢ describe
the experimental result for the normal flux calculated by two algorithms. Figure 7b depicts the distribution of
the normal flux on the interfaces obtained by the presented multi-domain algorithm.

The numerical results presented above have sufficiently illustrated our algorithm’s reliability and capability.
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Table 1 Relative error for flux between single-domain method and multi-domain method

Multi-domain DiBFM Single-domain DiBFM
NE NS Err_Flux NE NS Err_Flux
648 648 5.30E—07 600 600 4.22E—07
2927 2927 8.24E—08 2646 2646 7.41E—08
4050 4050 6.56E—08 4056 4056 4.59E—08
7938 7938 2.32E—08 7776 7776 1.83E—08
-5.90
—o— DiBFM Multi-Domain
5959 —&— DIiBFM
Exact
]
| -6.00
3
Ry
-6.05
-6.10 T T T T T T T T T T T T T
0.0 0.5 1.0 15 20 2.5 3.0
X

Fig. 6 Comparison of the normal flux along with line AB

12,00001

1200001 12.00001
10 110 10
»io 0 "O
-8 -8 -8
(@) (b) (©)

Fig. 7 Numerical result for normal flux a multi-domain DiBFM with 7938 source nodes, b part of multi-domain and ¢ single-
domain DiBFM with 7776 source nodes

4.2 Cellular structure

To study the accuracy and convergence of our multi-domain method in handling problems with small feature
sizes, let us consider a cellular structure with a thin wall that is subdivided into 7 subdomains (see Fig. 8b).
Relative parameters are shown in Fig. 8a. The employment of a cubic polynomial solution is to illustrate the
validity of the proposed method in the high-order analytical field problem.

Dirichlet boundary conditions are prescribed on the outer surfaces. All subdomains are continuous and
isotropic, and heat conductivity coefficient k = 1.0 W/(m.K) is considered. Different meshes are assigned
on interface pairs (see Fig. 9). The physical variables are approximated by the dual interpolation constant
elements. The cubic polynomial solution is given by:

U=x; + x5 + x33 —3(xix, + x§x3 + x1x32). (62)
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Fig. 8 Model for cellular structure a single-domain b multi-domain

Fig. 9 Mesh assignment along interface /F

Table 2 Relative error for flux between single-domain method and multi-domain method

Multi-domain DiBFM

Single-domain DiBFM

NE NS Err_Flux NE NS Err_Flux

2772 2772 5.74E—03 2538 2538 3.55E—-03
4158 4158 9.06E—04 4110 4110 7.92E—04
6972 6972 2.63E—04 6424 6424 1.89E—04
9450 9450 7.79E—05 9090 9090 6.19E—05

The variation of the relative errors on normal flux with the increasing number of the elements is listed in
Table 2, which denotes numerical results by two methods tend to exact solution gradually. On the other hand,
the convergence of the current method can be verified. In Fig. 10, the numerical results of the normal flux
along with the line AB by the single-domain DiBFM (using 9450 source points) and multi-domain DiBFM
(using 9090 source points) are compared with the exact solution, respectively. The contour plots of the normal

flux by two algorithms are demonstrated in Figs. 11a—c.

These results above indicates that the present method guarantees an accurate simulation of the higher-
order analytical field problem in geometric structures with thin walls and demonstrate the convergence of the

proposed multi-domain approach.
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Fig. 11 Numerical result for normal flux a multi-domain DiBFM with 9450 source nodes, b part of multi-domain and ¢ single-
domain DiBFM with 9090 source nodes
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Fig. 12 Model for heat radiator a single-domain b multi-domain

4.3 Heat radiator

To test the practicability of the present method in coping with real-life problems, the following example
concerns a heat radiator divided into 9 subdomains, as shown in Fig. 12b. The size of this thin structure is
dimensioned in Fig. 12a.

Homogeneous and isotropic characters are considered in this example. The bottom surface is subject to
a steady temperature 7 = 100 K, and the remaining surfaces are confined to flux boundary condition ¢ =
0.1 W/m?. Heat conductivity coefficient is k = 20 W/ (m.K). As mentioned in the above examples, the same
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Fig. 13 Mesh assignment along interface /F

3.2
A
3.1 "
A/
3.0 4 /
AN
2 2.9
£
?ﬂ 2.8 - —O— DIBFM Multi-Domain
S —/— DIBFM
2.7 1
2.6 0
o//o
2.5 1 O///////’
T T T T T T T T T r . . .
3.90 3.92 3.94 3.96 3.98 4.00 4.02
log(NS)

Fig. 14 Comparison of efficiency between multi-domain DiBFM and single-domain DiBFM

mesh-division scheme is performed on the interface groups, as shown in Fig. 13. The physical variables are
approximated by the dual interpolation constant elements, while quadratic elements in FEM.

The comparison of the computational efficiency between single-domain DiBFM and multi-domain DiBFM
is shown in Fig. 14. Where the x-coordinate is the log of the number of source points, and y-coordinate is the
log of the CPU time. This figure shows that less CPU time is consumed in the multi-domain method under
similar source points. Figure 15 describes the temperature along with line AB by multi-domain DiBFM with
9546 source nodes, single-domain DiBFM with 9108 source nodes, and FEM with 165,383 nodes. The results
of these methods are almost identical, and the reliability of the proposed method can be confirmed.

Contour plots in Fig. 16 present the temperature distribution calculated by different algorithms, from which
we can note that the steady-state of the thermal by our method has little difference with DiBFM and FEM, but
the interface results outlined in Fig. 16b testified the reliability of by our algorithm.

The information above illustrates the practicability and validity of our method in dealing with thin structures
with a real engineering background.

4.4 Fuel cell structure

In the last example, we perform the numerical experiment in a fuel cell structure to investigate the feasibility
and performance of our algorithms in a more complex case. The dimension of the geometric model is shown
in Fig. 17a, and the multi-domain model with 9 subdomains is shown in Fig. 17b.

Assuming that, the material is homogeneous and isotropic. Environment temperature is U = 22 K, and
temperature boundary condition 7 = 100 K is imposed on the inner surface of the cylinder. The convection
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Fig. 16 Numerical result for temperature a multi-domain DiBFM with 9546 source nodes, b part of multi-domain, ¢ single-domain
DiBFM with 9108 source nodes, and d FEM with 165,383 nodes

boundary condition is prescribed on remanent surfaces. Heat conductivity coefficient k = 90.6 W/ (m.K) and
convection coefficient A=0.2 W/ (m2.K) is selected. The assignment of meshes between interface pairs is
shown in Fig. 18. The physical variables are approximated by the dual interpolation constant elements and by
quadratic elements in FEM.

Four groups are listed in Fig. 19 for comparative purposes in computational efficiency between single-
domain DiBFM and multi-domain DiBFM. Where the x-coordinate is the log of the number of source points,
and y-coordinate is the log of the CPU time. This figure can draw the same conclusion as Sect. 4.3: the multi-
domain method has higher computational efficiency than the single one when comparable source points are
adopted. Figure 20 gives the temperature along with line AB by multi-domain DiBFM with 9087 source nodes,
single-domain DiBFM with 8966 source nodes, and FEM with 225,638 nodes. The discrepancies between our
method and FEM are within the range of error. Thus, the reliability of the proposed method can be verified.
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Fig. 17 Model for fuel cell structure a single-domain b multi-domain
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Figures 21a—d present the contour plots of the temperature obtained by those algorithms mentioned above.
The max value of the temperature by our method is just 0.065% higher than the reference methods. The contour
plot for one of the subdomains is plotted in Fig. 21b to view the temperature on the interface.

This demonstrates that our method feasible in solving more complicated structures with a thin feature, and
the excellent performance of the proposed method is also shown.

5 Conclusions and discussions

In this paper, a multi-domain method based on DiBFM-HMLS has been proposed, and the condensation
technology was employed to get the system of linear equations only concerning unknown interfacial variables.
For different subdomains, the assembly rules to form the overall coefficient matrix have been elaborated
on in this article. Compared with the single-domain DiBFM-HMLS, the multi-domain DiBFM-HMLS takes
less CPU time when solving complex geometric structures. A point-to-element interpolation relationship
has been constructed based on the dual interpolation element instead of a conventional node-to-node one. The
introduction of DiBFM-HMLS guarantees an accurate interpolation for corner points and lets the multi-domain
method has superiority in dealing with structures with a thin or small feature, as reflected in the numerical
experiments. Simultaneously, the reliability and convergence of the presented method have been illustrated by
those examples.

Since the meshes could be discontinuous and the integral in BIE can be calculated separately; thus paral-
lelization can be performed on these parts. According to the hierarchical matrix theory and low-rank approx-
imation theory, the far-field block of the coefficient matrix can be approximated by low-rank matrix, and
this can save the memory and provide the possibility for solving the large-scale problem using multi-domain
DiBFM. The addressed method was only applied to analyze thermal conduction problems ordinarily. In future
work, this method will be used to solve elastodynamic problems, dynamic contact problems, and large-scale
problems by supplementing the fast algorithm; the goal will come true soon. The demonstrated method is in
progress for the 3D elastostatic multi-domain problem.
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